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ABSTRACT 
For Frtchet lattices with the Lebesgue property and weak order unit we prove that the followmg 
conditions are equivalent: 
(1) there exists a strictly positive linear functional. 
(2) the Frtchet lattice admits a continuous norm. 
In this setting we obtain a representation theorem for Frechet lattices, 
I INTRODUCTION 
There are many cases where abstract Riesz spaces can be represented as con- 
crete lattices of measurable functions over a measurable space. The best known 
theorems in this field are those of Kakutani [ll] and Bohnenblust [5] on the 
concrete representation of the so-called abstract &spaces. Other results of 
this nature were obtained by Bade [3], Dodds, de Pagter and Ricker [8] and 
Curbera [7]. In the last two papers cited above it is proved that every locally 
convex Riesz space with the Lebesgue property and weak order unit can be 
represented by means of a space of scalar functions integrable with respect o a 
vector measure. The paper by Curbera only covers the Banach lattice case. 
Such representation theorems are very convenient because they facilitate the 
application of many results of measure theory in the study of topological Riesz 
spaces. 
In the first part of this paper we will use the representation theorem by 
Dodds, de Pagter and Ricker to characterize those Frechet lattices with the 
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Lebesgue property and weak order unit which admits a strictly positive linear 
functional. The existence of these functionals has been studied in many situa- 
tions (see [15] and [6]) and it seems to be of interest from the point of view of the 
theory of general equilibrium in mathematical economics (see [l]). In the sec- 
ond part of the paper we obtain another representation theorem for Frechet 
lattices with the Lebesgue property and continuous norm. This result is the 
natural generalization to the Frechet setting of a similar result about Banach 
lattices which has been developed in the work of several authors (see [14, p. 241 
for the references). The main tool in the proof of this theorem was (see [14, 
Theorem l.b.141) to establish the existence of strictly positive linear func- 
tionals. Many result concerning some of its applications can be also seen in 
1141. 
Our approach consists, essentially, in using the machinery and properties of 
the space of scalar functions which are integrable with respect to a vector 
measure with values in a Frechet space. This kind of integration was introduced 
by Lewis in [13] and developed essentially by Kluvanek and Knowles in [12] for 
locally convex spaces. Let us recall briefly the basic definitions. 
Let X be a real Frechet space and let P(X) be a sequence of seminorms gen- 
erating the topology of X. Consider a countably additive measure v : C ----f X 
defined on a a-algebra C of subsets of a non void set 0. For everyp in P(X), the 
p-semivariation of v is the set function I[v]lP : C - [0, co) defined by 
]lV]l,(A) := SUP(I(4.Y’)I (A) : x’ G u,“>, 
where I(v, x’)I is the total variation measure of the real measure (v, x’) : 
A H (v (A), x’), for each x’ E X’ and A E C and 
UP0 = {x’ E X’ : 1(x, x’)] 5 1 for all .u E UP} 
is the polar set of the unit ball U,, = {X E X : p(x) 5 1) associated with the 
seminormp. A set A E C is called v-null if ]Iu]],(,~) = 0 for allp E P(X). 
We say that a scalar measure X defined on the g-algebra C is a control 
measure for the vector measure v if 
v(A) --t 0 if and only if X(A) --f 0, A E C. 
Moreover, if X is of the form ](v, x’)/ for some x’ E X’ we say that X is a Ryba- 
kov control measure for V. 
A real-valued, C-measurable function f on !I is called v-integrable (see [13], 
[12]) if f E L1(~(v~.u')l) f or all x’ E X’, and if for each A E C there is a vector 
J4 f dv E X (necessarily unique) satisfying (J’ f dv,x’) = sA f d(v,x’), for all 
I E X’. Two C-measurable functions f and g on Q are identified if they are 
equal v-almost everywhere, that is, if {u* E 0 : f (w) # g(w)} is a v-null set. The 
space L’(v, X) of all (equivalence classes) v-integrable functions equipped with 
the topology determined by the fundamental system of seminorms 
Ilfll, :=sup{J,, IfI dl(v,x’)( :.Y’ E U;}, f E L'(vX),p E P(X) 
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and the order f 5 g if and only iff(w) < g(w) v-almost everywhere, becomes a 
Frechet lattice with the Lebesgue property, see [13, Theorem 2.21 or [12, Cor- 
ollary 11.4.21. Recall that a Frtchet lattice is a real metrizable locally convex- 
solid Riesz space which is topologically complete. A Frechet lattice is said to 
have the Lebesgue property if whenever a net x, 10 in the order then x, 4 0 in 
the topology. Moreover the function xo in L’ (v, X) is a weak order unit of the 
Frechet lattice, because inf{ f, XQ} = 0 implies f = 0. 
In [8, Proposition 2.4 (vi)] Dodds. de Pagter and Ricker proved a rep- 
resentation theorem for certain Riesz spaces by means of a space of integrable 
functions just like the one we have described above. An immediate con- 
sequence of their result is the following theorem that we write for the sake of 
completeness. 
Theorem 1.1 (DPR). Let E be a FrPchet lattice with the Lebesgue property and 
a weak order unit e. Then there exist a measurable space (f2, C) and a vector 
measure u : C ---+ E such that L’(v, E) is lattice isomorphic to E. 
Moreover, a closed examination of the proof of [8, Proposition 2.41 (see also 
p. 364 there) shows that the measure v is positive, that is, v(C) c E’ (the pos- 
itive cone of E) and the range V(C) of the measure v is exactly the set of all 
components of the weak order unit e. 
2. STRICTLY POSITIVE LINEAR FUNCTIONALS 
As we have said in the introduction, we characterize in this section those FrC- 
chet lattices with the Lebesgue property and weak order unit which admits a 
strictly positive linear functional. 
A positive linear functional x’ on a Riesz space is said to be strictly positive 
whenever x > 0 implies (x, x’) > 0. It is well-known that a Banach lattice with 
order continuous norm (the Lebesgue property in our terminology) having a 
weak order unit admits a strictly positive linear functional. The details can be 
found in [2, Theorem 12.141. In the Frechet case the situation is much different 
because the space w of all real scalar sequences equipped with its natural order 
and topology is a Frechet lattice with the Lebesgue property and weak order 
unit, but it does not admit any strictly positive linear functional since its dual 
space is the space of all sequences that are eventually null. 
Let us observe that if a Frechet lattice E has a strictly positive linear func- 
tional x’, then 
II-4 := (1x1, X’)? XEE 
defines a lattice continuous norm on E. On the other hand it is well-known that 
the space w is the typical Frechet space which does not admit a continuous 
norm. Indeed, a classical result by Bessaga and Pelczynski (see [4, Theorem 21 
or [lo, Theorem 7.2.71) asserts that a Frechet space admits a continuous norm if 
and only if it does not contain a (complemented) copy of the space w. The next 
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theorem says that, in a certain sense, w is also typical for the non-existence of 
strictly positive linear functionals. 
Theorem 2.1. Let E be a Frechet lattice with the Lebesgue property and with a 
weak order unit e > 0. The follovcing conditions are equivalent: 
(1) E admits a lattice continuous norm. 
(2) E admits a continuous norm. 
(3) E admits a strictly positive linearfunctional. 
(4) e is an exposed point of the order interval [O, e]. 
(5) The set of all components of e has an exposedpoint. 
Proof. (1) * (2) Is trivial. 
(2) + (3) By Theorem 1.1, L’(v, E) is lattice isomorphic to the space E for a 
certain vector measure Y : C -+ E. Since E admits a continuous norm, by [9, 
Theorem 2.21 every E-valued measure admits a Rybakov contol measure. This 
measure has the form X = I(~,.K’)), for some x’ E E’ and has the property that 
v-null sets and X-null sets coincide. Now it is clear that 
s 
f d& f E L’(u,E) 
f1 
defines a strictly positive linear functional on L’ (v, E) and, therefore, on E. 
(3) + (4) If x’ is a strictly positive linear functional on E, then e is exposed 
by x since (x, x’) < (e, x’) for all 0 < x < e. 
(4) + (5) It is trivial because the set of all components of e is contained in the 
order interval [0, e]. 
(5) + (1) Once again, by Theorem 1.1, L’ (v, E) is lattice isomorphic to the 
space E. We know that the range of the measure v is exactly the set of all com- 
ponents of e. Now, by [12, VI.3. Corollary 21, the measure v has a Rybakov 
control measure A. Then 
MI := JR if] dA> f E L’(v, E) 
defines a continuous lattice norm on L’ (v, E) and, therefore, on E. 0 
Remark 2.2. The hypothesis that the Frechet lattice has a weak order unit is 
necessary. To see this consider an uncountable index set I and the Banach lat- 
tice co(Z). It is well-known (see [15, Example 61) that this space has the Lebesgue 
property. On the other hand, it is easy to see that it does not have a weak order 
unit nor admits a strictly positive linear functional since its dual space is ei (I) 
and every element of co(Z) and ei (I) is countably supported. 
Corollary 2.3. Let E be a Frechet lattice with the Lebesgueproperty admitting a 
continuous norm. Then for each x > 0 there exists a positive linear functional on E 
that is strictly positive on the order interval [O, x]. 
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Proof. Consider the principal band E.x generated by x’ and let P, be the band 
projection onto E,. We know that E, is a Frechet lattice with the Lebesgue 
property and weak order unit which admits a continuous norm. By the Theo- 
rem 2.1 there exists a strictly positive linear functional x’ on E.%. Hence x’ o P, 
is a positive linear functional on E that is strictly positive on the order interval 
[O.-Y]. 0 
3 A REPRESENTATION THEOREM 
We now present the Frechet version of a very useful and general representa- 
tion theorem for order continuous Banach lattices which has been developed in 
the work of several authors (see [14, p. 241 for the references). The main tool in 
the proof of this theorem was (see [14. Theorem l.b.141) the existence of strictly 
positive linear functionals. By the Theorem 2.1 above we know that, for Frechet 
lattices, this happens if the Frechet space has a continuous norm. 
Before giving our representation theorem we need some preparation. Let X 
be a real Frechet space and let v : C +X be a countably additive measure 
having a Rybakov control measure X = 1 (v, s’) 1 (for some x E X’) in which 
case the v-null sets and X-null sets coincide. 
Lemma 3.1. For everJ1 element T of the dual space of L’(u. X) there exists a 
uniquefr E L’(X) such that 
(1) (f. Tj = S,,f.frdX; f E L’(u. X). 
Therefore 
(2) (ft ITI) = 
J 
nflfrl dh f E L’(G)~ 
Mlhere 1 TI denotes the modulus of 7: 
Proof. For every element Tof the dual space of L’ (v, X) we can define a finitely 
additive scalar measure XT : C + R by the formula 
&-(A) = (x.47 T), A E C. 
Actually, this measure is countably additive by the dominated convergence 
theorem for vector measures (see [12, II 4. Theorem 21) and the continuity of T. 
By using [9, Lemma 3.1.(A)] we can check that the measure XT associated to the 
functional Tis absolutely continuous with respect o X. By the Radon-Nikodym 
theorem there exists a unique fr E L’(X) such that 
(3) XT(A) = frdX, A E C. J A 
According to [9, Lemma 3.11 and (3) we have 
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Furthermore, it follows from the definition of the measure XT that its variation 
is given by 
Now, from (4) and the dominated convergence theorem for positive measures, 
we have 
In the following proposition we will use the term ideal in the sense of a (Frechet) 
lattice, that is, a vector subspace F of a Riesz space which is solid (x E F 
whenever 1x1 5 Iy] andy E F). 
Proposition 3.2, Let X be a Frechet space and let u : C + X be a countably ad- 
ditive measure having a Rybakov control measure X = 1 (u, x’) 1, for some x’ E X’. 
Then. 
(i) The inclusions L”(X) C L’ (v, X) C L’(X) are continuous. Moreover, 
L” (A) is a dense ideal in L’ (v, X) and L’ (v, X) is a dense ideal in L’ (A). 
(ii) There exist two linear and continuous injective operators J’ : g E 
L”(X) - JI (g) E L’ (v, Wl, with (f. J’(G)) := JnfgdX, for all f E L’(v,X), 
and 52 : T E L’ (v, X); + Jz(T) := fr E L’(X), where L’ (v, X); denotes the 
strong dual of L’ (v, X), such that J? o J’ is the natural inclusion of L”(X) into 
L’(X). Moreover, J’(L”(X)) IS an order dense ideal in L’ (v, A’) ’ and 52 (L’ (v, X) ‘) 
is a dense ideal in L’ (A). 
Proof. Let P(X) be a sequence of seminorms generating the topology of X. 
Given x’ E X’ which generates a Rybakov control measure there exists 
p E P(X) such that some positive multiple of x’ belongs to UP”. Since I(v, ,#x’) 1 
is also a Rybakov control measure for all /3 > 0 it suffices to prove the result 
under the assumption that -1~’ E UP0 for somep E P(X). 
The statements of(i) are easy consequences of general results regarding in- 
tegration of scalar functions with respect o a vector measure which we can find 
in [12, Chapter II]. Let us point out that the inclusion of L’ (v, X) in L’(A) is 
well-defined since the v-null sets and the A-null sets coincide. We now pass to 
the proof of (ii). Consider the map 
J’ :gE Loc(X)+J,(g) E L’(v,X)’ 
given by 
(f,J’(g)) := /,f gdA f f L’kO 
Clearly J’(g) is linear and continuous, since 
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F II& J p~4~‘)I 
i II& sup 
{J 
R Ifl4(w’)l : Y’ E up” = Ilgll,llfll,~ 
This shows that Ji is well-defined. To see that Ji is continuous, choose a boun- 
ded set H in L’(v, X) and consider the corresponding strong seminorm qH 
acting on Ji (g): 
qH(Jlk)) = sup{kf~Jl(d)I :f E HI 5 il&sup{Ilflip :f ‘6 H}. 
Since L’(v, X) contains the characteristic functions, the map Ji is injective. 
It remains to be proved that Ji (L”(X)) is an order dense ideal in L’ (v, X) ‘. 
Bearing in mind (2.) in the lemma above, if g E Lee(X) and T E L’ (v, X)’ satisfy 
ITI < IJl(g)l then we have lfrl 5 lgl. Hence fr E L”(X) and T = Jl(fr), so 
J1 (Lm (A)) is an ideal in L’ (v, A’) ‘. To establish the order density, choose T > 0 
in L’(v, X)‘. Thenfr > 0 in L’(A). Take g E L%(X) such that 0 < g <Jr. Then 
we have 0 < Ji (g) 5 T. 
Now, consider the map 
J2 : T E L’(v,X)‘-Jz(T) =f~ E L’(X), 
wherefr is the Radon-Nikodym derivative of the associated measure Xr of T 
with respect to A. We know that (f, T) = SC2 ffr dX for all f E L’ (v, X), so J2 is 
well-defined, linear and injective. 52 also is a continuous map if we consider the 
strong topology in the dual space L’ (v, X) ’ because by (2) we have that 
= (xn, ITI) = sup{l(g. T)l : g E ~‘(G-1, lgl 5 1) 
= W(T), 
where H = {g E L’(v, X) : lgl 5 l}, which is a bounded set in L’(v, X). To fin- 
ish the proof it still has to be proved that J2 (L’ (v, X) ‘) is a dense ideal in L’ (A). 
Firstly, observe that for every A E C the formula (f, TA) = J,fx~ dX, f E 
L’ (v, X) defines an element TA of the dual space L’ (v, X) ‘. By the uniqueness of 
the Radon-Nikodym derivative we see that Jo = XA and the range of J2 
contains all the characteristic functions, so it is dense in Ll(X). Secondly, we 
will see that Jz(L’(v, A’)‘) . IS an ideal of L’ (A). For this, let T > 0 be an element 
of L’ (v, X) ’ and let g be in L’(X) such that lgl <fr. Observe that the map 
G : L’(v, X) -+ R given by (f, G) = so fgdX is well-defined, linear and con- 
tinuous because [(f, G)I _< (IfI, T) for allf E L’(v, X). By the uniqueness of the 
Radon-Nikodym derivative we have J2( G) = g and the proof is finished. 0 
Theorem 3.3. Let E be a Fr&het lattice with the Lebesgue property and a weak 
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order unit which admits a continuous norm. Then there exists a finite meusure 
space (0, C. A) such that: 
(i) There exist two linear injective and continuous operators 11 : LX(X) + E 
and 72 : E - L’(X) such that 12 o Zl is the natural inclusion of L”(X) in L’(X). 
Moreover, & (Lw (A)) is a dense ideal in E and Zz (E) is a dense ideal in L’ (A). 
(ii) There e.uist wo linear injective and continuous operators J1 : L” (A) --t EL 
and.?-, : EL Y L’(X) such that .iz 0 Jl is the natural inclusion of L”(X) in L’(X). 
Moreover, J1(LT(X)) is an order dense ideal in E’ and Jz(E’) is a dense ideal in 
L’(X). 
Furthermore, 
(.x,x’) = Z?(s) . Jl(.u’) dX for all x E E and x’ E E’. 
Proof. By Theorem 1.1 there exists a lattice isomorphism 
Q : L’ (v, E) + E 
for a certain vector measure v : C + E. Denote by Q’ its adjoint maps and 
note that 
Q’ : E; + L’(v, E)l, 
is also a lattice isomorphism. Since E admits a continuous norm, by [9, Theo- 
rem 2.21 the measure Y has a Rybakov control measure A. Denote respectively 
by It and 12 the natural inclusions L”(X) C L’ (v, E) C L’(A) and consider the 
injective operators Jt and 52 from the above proposition. Now, we define the 
maps It, 12, J1 and Jl so that the following diagrams 
are commutative. The properties of the bar-operators follows by the corre- 
sponding one for the operators It, 12, J1 and 52. To establish the integral for- 
mula take x E E and x’ E E’. Bearing in mind that Q is a lattice isomorphism 
and the formula (1) in the Lemma we have 
(xx’) = (Q-‘x, Q’x’) = .I, Z2Q-‘x. JzQ’x’dX = J, r2(4 J,(x’>dX. 
IJ 
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Remark 3.4. Let us to mention that (i) of the before theorem is an immediate 
consequence of a more general result [16, Theorem 120.10] where a Dedekind 
complete Riesz space with a weak order unit and possessing a strictly positive 
order continuous linear functional is considered. Nevertheless in the above ci- 
ted result there is nothing similar to (ii) of our theorem. 
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